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Abstract

Sharp inequalities are established between the Gaussian hypergeometric function and the power
mean. These results extend known inequalities involving the complete elliptic integral and the hyper-
geometric mean.
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1. Introduction

The Gaussian hypergeometric function is given by

(@) (B rk
K

o0

2P, Biyir) =)
k=0

where|r| < 1 and (@), is the Pochhammer symbol defined @y = 1, (¢)1 = @, and
(@)r+1 = (@)r (o + k) for k e N (see [1, p. 556]). Inequalities relating the Gaussian hyper-
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geometric function to various means have been widely studied (e.g., see [5,6,10-12]). In
particular, bounds for the complete elliptic integral (see [13, p. 909]),

/2
E(r)= /(1—r25in29)1/2d9 = % SoF1(—=1/2,1/2;1: 1),
0

in terms of thepower mean of order A, given by

My(@,r) =[1- ) +o@-r*]",
are discussed in [2,4,7,8,15]. This paper provides a generalization of the main result in [8]
(motivated by a conjecture of M. Vuorinen in [15]) that

12
E(r)}%[M;(%,rz)] . r2e(0,1), 1)

for all A not exceeding the sharp value gf43 The central result of this paper also pro-
vides refinements of certain inequalities found in [6,12] involvingiyyeergeometric mean
[2F1(—a,b;c:r)]Y%, with ¢ > b > 0. Carlson [12] used an elegant argument involving
Euler’s integral representation for the hypergeometric function to show that; i& and
c>b>0,then

b
[2F1(—a,b;c:r)]Y" > Mu(—, r>, forall r € (0,1) 2
Cc

(and that the inequality in (2) reverses wher 1). A refinement of (2) was established
in [6] where it was also conjectured that ifla > 0,5 > 0,a +b > 1/2, andir < (a +
2b)/(1+ 2b), then

[2F1(—a, b;2b: r)]l/a > M;(%, r), forallr € (0,1). 3)

To reveal natural threshold relationships among the parameters in this context, it is instruc-
tive to note that ifa = 1; orc = maxX{—a, b}; or c = 1 — 2a = 2b; then

a b
[zFl(—a, b;c: r)]l/ = M)\(—, r), wheni = (a+c¢)/(1+c). (4)
C
If @ =1, then both sides of (4) reduce to the value &r/c. Since
o (—a)
A1-r= Z T”r" =oFi1(—a,b;b:r),
n=0

Eq. (4) easily follows whe® = ¢. That (4) holds wheie = 1 — 24 = 2b follows from the
classical relation
1+/1-r\*
2F1(—a,b;2b:r)= <%> 2F1(—a,1/2—a—0b;1/24+b: 52),
whereé = (1 — /1—r)/(1++/1—r) (see [5, p. 132]). In the case that —a, My is
interpreted as a limit (see [9,12]) and Eq. (4) is verified as follows:

b . b X 176
MQ(—,}”) = lim M;L(—,r> =(1- r)fb/° = [2F1(c,b; c: r)] Ye,
c A—0 c
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In summary, Theorem 1 confirms (3) and hence generalizes (1). Sired/, is increas-
ing and(a + ¢)/(1+ ¢) > a when 1> 4, it becomes clear that Theorem 1 also provides a
sharp refinement of (2).
2. Main results
Theorem 1. Suppose b > 0, 1 > a, and ¢ > maxX{—a, b}. If ¢ > max{1 — 2a, 2b}, then
1/a b
[2F1(—a,b;c:r)] >M,| —,r), foralre(01), (5)
C
ifandonlyif A < (a+c¢)/(A+¢). If c <min{l— 2a, 2b}, then
oY b
[zFl(—a,b,c.r)] <My | —-,r), foralre(01), (6)
C

ifandonlyif A > (a+c¢)/(1+c¢). Ifc =1—2a=2b; or c=max—a, b}; or a =1, then
equality (4) holds.

Remarks. In the case that: = 0, the left-hand side of (5) and (6) is interpreted as
lima_ol2F1(—a,b; c:r)]Y* = exp(—u(r)), whererp/ (r) = 2F1(1,b; ¢ :r)— 1, u(0) =0

(limit calculated using [14, (57), p. 443)]). ifis strictly between + 22 and 2 (with 1 > a
andc > max{—a, b}), then

b
r— [2F1(—a, b;c: r)]l/a - M,\(—, r)
Cc
is not necessarily of constant sign.
In addition to obtaining (2), Carlson [12] also observed that [2F1(—a, b; ¢ : r)]Y@
is increasing. We state the following immediate corollary which applies these noted results

of Carlson in combination with the above Theorem 1.

Corollary 2 (see [12]) Suppose b >0, p >1>a > o, and ¢ > maXx—a, b}. If ¢ >
max{1 — 2a,2b} and » < (a +¢)/(1+ c¢), then

Mp<§, r) > [2F1(—p, b c: r)]l/p > [2F1(—a,b;c: r)]l/a z Mx(g,r),
forall » € (0,1). If c <min{l—2a,2b} and A > (a +¢)/(1 + ¢), then

M, (g r) < [2F1(—0.bic: r)]l/a < [2F1(—a. bic: r)]l/a < MA(%J’),
forall € (0,1). (A =(a+c¢)/(1+c) issharp.)

With the aim of verifying Theorem 1, we will first prove the following
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Lemma 3. Suppose @ > 0, y > maxXe, 1}, and n € N. Then
y—1
n\"o2 J)n 1
(V—Za)[M—<—g> -3F2(—n,a,i;y,1+g—n;l>j|}O.
(¥)n Y/ n 2 Y

Lemma4. Suppose o, 8 > 0, y > max{w, 1}, andn e N. If y > max{2«, 28 + 1} or y <
min{2«, 28 + 1}, then

(y — ZQ)[M - (_E) -3F2<—n,a, B+1y, 1+ g _n: 1)i| >0.
Wn Y/ 14
Here
, e @)k (a2 @)k i
3Fo(a1,az,az; b1,bo:r) = kg(:) —k!(bl)k(bz)k
3. Proofs

Proof of Lemma 3. Supposexr > 0, y > maxXa, 1}, and let = VT_l §= % Forn e N,
define

Gp= 3Fo(—n,a—B—-681+8,1+8-658,1—-8—n:1),
(x = 8)n(¥)n

7;1()(:) = l— mng(—n,a,ﬁ + 1, ]/, 1— (x — 8) —n: 1),
and
_ A+ B—0)n
#n = (@) .
The proof makes use of the following three key relationships:
a—38+n 8(1—26)
n = n— 1- n 1), 7
Ot =g <a+maﬁﬁ T) 0
T, (O) =1- ¢nGns (8)
s+ B)(1-T,(D)— (n+688) = B(L—8T,(0), forallneN. )

To verify (7), we apply the contiguous relation

by -3Fz(a1, az,a3; b1, bo: 1)
=ap-3F(a1+Lax+ 1 a3;b1,bp+1:1)

—asa
+< bz 3)~3F2(a1+1,a2+1,a3+1;b1+l,b2+1:1)
1

+ (b2 —ap) -3F2(a1+1,a2,a3;b1,b2+1:1)

(see [14, (34), p. 440 withy = —n —1,ap=a — B —8,a3=1+ B, b1 =1+ — 4,
b =1— (B +1) —nto arrive at Eqg. (10). The relation
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az-3f(a1,a2,a3+1;b1+1,b2:1) — by -3F2(a1,az2,a3;b1,b2: 1)
= (a3 —by) -3F2(ay,a2,a3;b1+1,b2: 1)

(see [14, (26), p. 440]) is then used in Eq. (11) with= —n,a2=14+a — B8 — 6, az =
1+ 8,b1=1+ B -3, b =1— B —n. Finally the identity

F(—n,a,b;c,d:1)
_(c=D)u(d—=b)y
B ©n(d)n
x3F(—n,a+b—c—d—-n+1b;b—c—n+1,b—d—n+1:1)
(see [14, (81), p. 539]) is applied in Eq. (12) with=1+a — B8 —68,b=1+8,c=
24+ B8-8,d=1—B—n(usingy =28 + 1). These facts yield

Guir=3F(-n—La—B—861+p1+p—81-(B+1D —n:1)
0+ -
=

1+ B)(a—pB—3)
1+B8-0)(B+n)
x gFo(—n,1+a—B—68,2+B;2+B8—-6,1-B—n:1)

3Fo(—n,1+a—-—B—-6,14+8;14+-6,1—B8—n:1)

+mst(—n,a—ﬂ—8,1+l3;1+,3—571_:3_”:1) (10)
B+n
_a—38+n _ S+p—«a
 B+n " B+mA+B—0)

X[(1+/3)~3F2(—I’l,1+0{—13—5,24_’3;2_’_/3_8,1_/3_”:1)
+(=DHA+B-9)
x3Fo(—n,1+a—B—81+B;1+B—-61-B—n:1)]

_a—=68+n 56+ B—w)
T B4+n " B+nA+B-9)
X 3Fo(—n,14+a—-B—-8,1+8;2+B—-6,1—B—n:1) (12)
_a—8+n 56+ B —a) 1-68,1—y—n),
 B+n " BAA+B-8) 2+L—8)a(l— B —n)y
x 3Fo(—n,a, 1+ B;v,8 —n:1) (12)

_O!—8+n _5(54—,3—0{) Y)n(A—=0)n
B+n " B+n  (L+B—8ns1(Bn

X 3Fo(—n,a, 14+ B;y,8 —n:1)

a—686+n 36+ B—a) (Y)n(1—956)n

B+n B

" Bla+ m)dutr (@) (B + Dy
x 3Fo(—n,a, 1+ B;y,1—(1—8) —n:1)
a—38+n §(1—28)

= %in G, — R (1-T,(D), which verifies (7).
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Recalling thaty = 28 + 1 and applying(t),—«(1 — t — n)r = (—1)*(1),, along with the
relation

3F(—n,a,b;c,d:1)
(d —a),(d — D),
=)' —— Ry (—n,1—d — b—c—d—n+1;
Gy Ondn 3 2(—n, n,a+b-—c n+1
a—d—n+1b—d—n+1:1)
(see[14, (85), p. 539 with=a, b=+ 1,c=y,d =146 —nin Eq. (13); and then
the relation
(c—a)n
(©)n
(see [14, (86), p. 539)with=a — B —6,b=—8,c=a —8,d=1+ B — 4§ in (14), we
find that

3Fo(—n,a,b;c,d:1) =

-3Fo(—n,a,d —b;d,1+a—c—n:1)

(_8)n(y)n
7,0 =1— ——— " 3F(—n,«qa, Ly, 14+6—n:1
() (a)n(ﬁ)nsz(naﬁ+ y.1+8—n:1)
1 D" A-A4+B—-98) —n)p(Q—(ax—38) —n)y (=8)n(¥)n
Y)n(l4+6 —n), (@)n (Bn
X 3Fo(—n,—8,a —B—6,a—8,1+—-45:1) (13)
A+B—=8)u(a—08),
=1— 3F(—n,a—B—8,—8,a—6,1 —5§:1
@npry et e dtp=oD
:1_(1+/3—5)n
(@)n
X 3Fo(—n,a —B—6,14+8;14+8—-6,1—pB—n:1 (14)

=1-—¢,G,. Thus(8) holds.

Straightforward simplification usingr), (1 — © — n)x = (—1)* (), yields

s(n+p)(1—Ty(D) — (n+8B)

(1= 8)n(¥)n Z <n> (@k(B+ Di(1—8)n—r
(@)n(B+ Dy £ \k V(1 —=8),

:8(n+,3)|: }—(n+5ﬂ)

2 = (n) @B+ DL — )y

=4 1+ —
nth )[ T @up+ D0 2\ o

]—(n+8ﬂ)

n—1
14— D > (n) (@B + DL — &)y

@+ Dy-1(B+ D1 25 \K (%

n—1
=(1-9) [—n + ¥ +Dn 3 (n) ()i (B+Di(2— 3)nk1]

@+ Dy-1(B+ D1 =5 \k )k
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+De1 = <n) @B+ Di(L—8)r1
(Ol + l)n—l(,B + 1)11—1 k=0 k (y)k

2(1—8)|:—n+

[ n . o +Daa "1(n>(a>k<ﬂ+1)k<1—a>n_k_1
—Bl-8)| -4 LTt
P9 5+ arp a0 2 oan

B n—1
n+p (Y )n n\ (@) (B + Di(=8)n—k
=B1-6)|1- —

S e NI ,;, (k) (% }

[ n(=8)n o (1) @)k (B + Dp(—=8)ni
=81-§|1—- ——"— ——
IB( ) L (a)n(ﬁ)n k2=:O (k) (V)k(_S)n ]

=B(1—-68)T,(0). This verifies (9).

Now to complete the proof of Lemma 3, we note that
_ oy _ 1
yB+y—a ¢

by direct computation. Hencg (0) = 1 — ¢1G1 = 0. Now supposél — 28)T,,(0) > 0 for
somen € N. Then, using (8) and (7), we have

G,

Tn+l(0) - T, (O) =¢uG, — ¢n+1Gn+1

_ _ a—38+n B §(1—26) B
=¢nGa ¢>n+1< R Rl oy ¢n+1(1 Tn(l))>
_s(1-28) ~ (@=8+mA+B—8+n)
- o+n (1 Tn(l)) ¢nGn( (ﬂ—i—n)(a—i—n) 1)
_s(A-28) o (1—28)(n + 8p)
 a+n (=T @) - (1~ T.(0) B+n)a+n)
Therefore
(1—28)(T,+1(0) — T,,(0))
1— 25)2
=—(ain)(ﬁln)[5(n+ﬁ)(l—Tn(l))—(n~|—8ﬂ)(1—Tn(0))]
(1—25)2
=m[(”‘FSﬂ)Tn(O)‘FS(”‘I‘ﬂ)(l—Tn(l))—(n+3,3)]
1—28)2
> M[m +3B)T,(0) + B(L— )T, (0)]
_(1—-28)?
= n 1,(0),

where the inequality follows from (9). Recalling thit «/y, we now find that

(1= 20)T041(0) = 1= 2T, (0) - (2_—55 + 1)
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1-25

1-26
g V(Ot+n)Tn(O) (ot m—a)

_a(1-29)
~ y(a+n)

using the inductive hypothesis and the fact that «. Thus (1 — 25)7,(0) > O for all
n € N. Hence

7,0 - (¢+n—-12>0

(@ (P55
v 2a)|: (¥)n
_@n (50
O
which proves Lemma 3. O

1
— (=) -3F2(—n,a, %; v, 148 —n; 1)}

y(1—-28)T,(00>0, forallneN,

Proof of Lemma 4. Supposey, 8 > 0, y > maxXa, 1} with eithery > max{2«, 28 + 1}
ory < min{2«, 28 + 1}. Forn € N, define

_g_ W . s
Ry(a,B,y)=8 (a)n(ﬁ+1)n_13F2( na,B+Ly l+a/y —n:l,

and

V(B4 D
Sue poyy= P Tt o Ry, B y)

(¥ )n
(@)n(Bn
(Y )n

—(—=a/Y)n - 3F(—n,a, B+ 1Ly, 14+a/y —n: 1)].

=(V—2a)[

Direct simplification yields

n

(=a/Y)n(¥)n Z (=mr @)k (B + Dk

Ry(a, B,y) =8 — (@n(B+ D1 = kl(y)kA+a/y —n)i

k=0

(& +Du1 i (@i (B + D (L —a/y)nt1

(@+Dn-1(B+Dn-1 kl(n — k) )

k=0
Fork=0,1,...,n — 2, B > (/g‘ﬂ)ljfl is clearly a decreasing function @ Since R,
inherits this property and either (j) — 2« > 0 and 1%1 > pB;or (i) y — 2« <0 and

r-1 < B, it follows that

n 1,—
_ OB A Dt o) Ry, o)
Y

> w(y —2a)R,,<a, 4 _173/)
Y 2

Sn(av ﬁ’ )/)
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+1),- -1
:(IB In lSn(a’yz ,)/)20,

hH,

for all n € N, by Lemma 3. This proves Lemma 40

Proof of Theorem 1. Supposé > 0, 1> a £ 0, ¢ > maxX—a, b} with eitherc > max1—
2a,2b} orc < min{1—2a, 2b}. LetA = % and defin€ "2 o A,r" = 2F1(—a, b; c; r) and
H(r)=)Y 2 oBu" = [Mk(g, r)]¢. Paralleling and then extending an inductive argument
used in [6], we will showa(2r — 1)B, < a(2r — 1)A,, for all n € N. It easily follows
that By = Ag andB; = A1 = =22, Now suppose that(2r — 1) By < a(2x — 1) Ay for all

C

k=1,..., n. The logarithmic derivative off becomes

H'(r) _ —ab
Hr) (—-bA-rt*+b1-r)
and thus

[c=b)A=P""+bA=1)]D (n+DByar" =—aby_ Bur".
n=0 n=0

Applying the Cauchy product to the previous equation with- r)® = 300 / S0 we

find that
ac(2.—1(n+1)B,+1

| S (= Dus
:Cl(Z)\,—l) _an(}’l—a)—(c—b)kgo(k_i_l)Bk_i_l(l)ﬁ}

i n—1 ()L)
=a(x— 1| bBy(n —a)+ (L =) (c—b) Y (k+ 1)3,(“(1’;7—1:1}

- k=0 n—

_ S )
<a@ - D|bAn—a)+A- 1) —b) Yk + 1)Ak+lﬁk—l}

- k=0 n—k
—a(@—1)|bAsn—a)—(c—b) Y (k+ 1)Ak+1@(1)ﬂ}

= k=0 n—k

+a@r—D(c—-Db)(n+1A 41
=ac2h—D(n+DAns1+ab@rh—D[A(n —a) — (n+ D Ayy1]

- (—@) k1D k1 — Dyi
2. -1 (b — k+1
ARG LD D et
=acr—1D(n+ DA, 11+ab(2r—-1) [An n—a)—m+ l)An+1]
N a?b(2n — 1)(c — b) Z (L—a)®+ D — 1)y

c S K+ D

sinceA, = % Again using(t),—i (1 — T — n)x = (—1)¥(1),,, we note that
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X": L—ajyb+i—Dug (-1, Z (=)L — a)i (b + i

prd k(e + Dr(D)p_k Y k(e + D@ =4 —n)y
(A 1)" 3F(—n,1—a,b+1,c+1,2— 1 —n;1),
and
a?b(c — b)(1— a),(b),(2n — 1)
abh —D[An(n—a) — (n + D Apg1] = — et Dol )
Therefore

ac2r—1(n+1)B,4+1
a?b(c —b)(L—a)y(b)n(2h — 1)

<acrh—Dm+DA,41 — c(c+ n!

a?b(c —b)(2n — 1)

, A=D1, -3F(—n,1—a,b+1c+1,2—-1—n;1)
cn!

2p(p —
=ac2r —D(n+DA,p1+ y(% 1)

[ (1 —a),(b),
A=D1, -3F(—n,1—a,b+1; 1.2-x2—n1l)— ——
x| ( In - 3F2(—n a,b+1c+ n; 1) D, ]

2h(c —
=acr—Dn+1DAp41+ #(1 26)

X _(—S)n 3F(—n,a, B+ Ly, 14+8—n;1) — W]
Vn

< ac(_2k —D(n+ DA, 41

usingLemmadwittk =1—a,8=b,y =c+l,ands=1—-1= % Thusa(2r —1)B, <
a(2n — 1) A, for all n € N, by induction. Using this result together witB, — 1) = (2a +
c¢—1)/(c+1),we find that

[Mk<b r)] <a-aFi(—a,b;c:r), whenc>maxl— 2a,2b}, (15)

b a
|:Mk< r>] >a-2Fi(—a,b;c:r), whenc<min{l— 2a, 2b}. (16)

After multiplying both sides of (15) and (16) by d and then taking theth root, one finds
that this verifies (5) and (6) in the special case that 7 "*“ . The monotonicity oh — M,
now implies that (5) holds for all < ”*C and (6) holds for alk > ’if Sharpness follows
from the observation that

a<2F1(—a, b;c:r)— |:MA<§, r>:| )

2b(c—b -1
=a (; )|:a+;2(c+(1)+c)i|r2+0(r3).

Thusi < “*C is a necessary condition for (5), ahg> ’{]:f is necessary for (6). O
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4. Concluding remarks

It is interesting to note that H. Alzer and S.-L. Qiu [3] have verified Alzer’'s conjecture
that the inequality in (1) involving the complete elliptic integral reverses if and only if
1 >1In(v/2)/In(xr/2) ~ 0.7675. Generalizations of this and other sharp inequalities com-
plementary to Theorem 1 remain as intriguing problems for further study.
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