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 TRANSACTIONS OF THE
 AMERICAN MATHEMATICAL SOCIETY
 Volume 347, Number 5, May 1995

 INEQUALITIES FOR ZERO-BALANCED
 HYPERGEOMETRIC FUNCTIONS

 G. D. ANDERSON; R. W. BARNARD, K. C. RICHARDS,
 M. K. VAMANAMURTHY, AND M. VUORINEN

 ABSTRACT. The authors study certain monotoneity and convexity properties of
 the Gaussian hypergeometric function and those of the Euler gamma function.

 1. INTRODUCTION

 The Gaussian hypergeometric function is defined by

 (l.l) F(a, b; c; x) = 2FI(a, b; c; x) = E (a, n) (b , n) Xn

 for x E (-1, 1), where (a, n) denotes the shifted factorial function (a, n) =

 a(a+1) (a+n-1), n=1,2,..., and(a,0)=1 fora$ 0.Thesum
 is well defined at least when (c, n) $ 0, i.e., when c # 0, -1, -2, .... This
 function has found frequent applications in various fields of the mathematical
 and natural sciences [Ask2]. Many elementary transcendental functions are
 special cases or limiting cases of F(a, b; c; x) ; for an extensive list see [AS, pp.
 556-566], [PBM, pp. 430-615]. Two important special cases are the complete
 elliptic integrals

 (1.2) (x) = F (2 X 2; 1 F2 (X) = F (-2 ' 2;1; x2-

 As a function of its parameters a, b, c the function F(a, b; c; x) is
 smooth, and it is thus natural to expect that the properties of %(x) extend also
 to F(a, b; c; x2) for (a, b, c) close to (, I, 1). Recall that F(a, b; c; x)
 is called zero-balanced if c = a + b. We obtain several results for the zero-
 balanced F(a, b; a + b; x), a, b > 0, extending well-known properties of
 X(x).

 1.3. Theorem. (1) For a, b E (O, o) the function

 1 - F(a , b; a + b; x)

 f(x) log( - x)
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 1714 G. D. ANDERSON ET AL.

 is strictly increasing from (0, 1) onto (ab/(a + b), 1/B), where B = B(a, b)
 is the Euler beta function.

 (2) For a, b E (0, xc) the function

 g(x) = BF(a, b; a + b; x) + log(l - x)

 is strictly decreasing from (0, 1) onto (R, B), where

 R = -UP(a) - uI(b) - 2y.

 Here UP(a) = F'(a)/F(a), and y is the Euler-Mascheroni constant.

 1.4. Theorem. For a, b E (O, xc), let

 f(x) = xF(a, b; a + b; x)/log(l/(1 - x))
 on (O, 1) and let B, R be as in Theorem 1.3.

 (1) If a, b E (O, 1), then f is decreasing with range (1 /B, 1).
 (2) If a, b E (1, xc), then f is increasing with range (1, 1/B).
 (3) If a = b = 1, then f(x) = 1 for all x E (O, 1) .
 (4) If a, b E (O, 1) thefunction g, (x) _ BF(a, b; a+b; x)+(l/x) log(l-x)

 is increasing from (O, 1) onto (B - 1, R).

 (5) If a, b E ( 1, x), then g, is decreasing from (O, 1) onto (R B - 1).

 Here Theorem 1.3(1) generalizes the fact that ((2/7r)X(x) - 1)/log(l/x')
 is increasing from (0, 1) onto (1/2, 2/Xr); 1.3(2) generalizes the well-known
 fact that X(x)+logx' is decreasing from (0, 1) onto (log 4, ir/2) (cf. [AVVY,
 Theorem 2.2(2)]); and 1.4(1) generalizes the result that x2Z(x)/log(1/x') is
 decreasing from (0, 1) onto (1, 7r) [AVV3, Theorem 2(19)].

 The asymptotic relation

 F(a, b; a + b; X) B(a b) log(l - x)

 as x 1 is due to Gauss, and its refined form

 (1.6) B(a, b)F(a, b; a + b; x) + log(1 - x) = R + 0((1 - x) log(1 - x))

 as x 1, with R = -UP(a) - 'P(b) - 2y, is due to S. Ramanujan [Ev, p. 553],
 [Be, p. 71]. Theorems 1.3 and 1.4 are refinements of these classical relations.
 Ramanujan also gave extensions of (1.6) to the generalized hypergeometric func-
 tion pFq for certain values of p and q [Ev, pp. 553-558], [Be, pp. 12, 71].
 Formulas (1.5) and (1.6) follow from the identity in [AS, 15.3.10], which has
 been generalized recently in [B, p. 152].

 1.7. Theorem. For each a, b E (O, ox) the function

 f(x) = (1 -x)'/4F(a, b; a+b; x)

 is a strictly decreasing automorphism of (O, 1) if and only if 4ab < a + b.

 While studying relationships between the arithmetic-geometric mean and
 some other means, J. and P. Borwein [BB2, (2.9)] recently proved that

 (1.8) F ( 1 ; 1 - xC < F (2-o , + a ; 1 ; 1- x d

 forall xE(O, 1),with c=2, d=3, 5=3 .
 We obtain the following generalization.
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 INEQUALITIES FOR ZERO-BALANCED HYPERGEOMETRIC FUNCTIONS 1715

 1.9. Theorem. For c, d E (0, ox), 4c < 7rd, inequality (1.8) holds for all
 X E (0, 1) andfor all a E (0, JO), where JO = ((d7r - 4c)/(47rd)) 12.

 We conclude the paper by proving some inequalities for the gamma func-
 tion. Our notation is mostly standard. For x E [0, 1], we often denote
 x= /1 - .

 2. PROOFS

 For many important properties of the functions F(a, b; c; x), f(x), and
 F(x) see [AS, pp. 556-566, 589-626], [C, Chapters 2, 9], [PBM, pp. 430-615].
 Some algorithms for computing these functions are given in [Ba, pp. 345-372,
 416-424], [M, Chapter 7], [PNB, p. 249], and [PT, pp. 404-426]. Various
 aspects of the theory of special functions are surveyed in [Askl], [Ask2], [AVV3],

 [LO, 5.3, 5.5].
 We shall give here a proof of the Gauss asymptotic formula (1.5), since we

 have been unable to find a proof in the recent literature or in the standard texts.
 Various generalizations of (1.5) appear in [Ev, pp. 553-558], [B, p. 152].

 2. 1. Lemma. (1) For a, b E (0, xc), the sequence

 (a, n)(b, n)

 (a+b, n)(n- 1)!

 is increasing to the limit 1/B(a, b), as n -x 0.
 (2) For a, b E (0, 1), the sequence

 (a , n)(b, n)(n+ 1)

 (a+ b ,n)n!

 is decreasing to the limit 1/B(a, b), as n -x 0.
 (3) For a, be (1, 00), thesequence g(n) is increasing to the limit 1/B(a, b),

 as n -* 00.
 In particular, for each positive integer n,

 (4) ab < f(n) < for all a, b E (0, 00),
 a +b B(a ,b)

 (5) B < g(n) < 2+bb for all a, b E (0,9 1),9

 (6) 2+1b < g(n) < bforall a, bE (1, x), 2ab 1)

 where the weak inequalities reduce to equality if and only if n = 1.

 Proof. Part (1) is proved in [AVV3, Theorem 6(4)]. For (2) and (3),

 g(n+ 1) (a+n)(b+n)(n+2) <1
 g(n) (a+b+n)(n+ 1)2

 iff w =((a+b+n)n+ab)(n+2) < W2 (a+b+n)(n+ 1)2,whichistrue
 since W2 - W1 = (a + b - 2ab) + n(1 - ab) is positive if a, b E (0, 1), and
 negative if a, b E (1, 0) . The limiting values follow form Stirling's formula
 [C, p. 24], [Mi, p. 184]. o
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 1716 G. D. ANDERSON ET AL.

 2.2. Remark. The following inequalities due to Wallis appear in [Mi, p. 192]:

 1 (b n) 1

 Since B(', 2) = ir, the result in Lemma 2.1(4) generalizes the second Wallis
 inequality here.

 2.3. Lemma (Gauss). For a, b E (O, x0), the relation (1.5) holds.

 Proof. Let B = B(a, b) . From Lemma 2. 1, we have

 F (a , b; a + b; x) (a n+ (b( ,n) n < 1 + 0 -- 1 - 1 log( l - x).
 n=O (a+b, n)n!x __ B

 Hence

 lim sup F ('ab + b x) < B-

 Next, fix E E (0, 1/B). Then by Lemma 2.1 there exists a positive integer nO
 such that (a, n)(b, n)/((a + b, n)(n - 1)!) > (1/B) - E, for all n > nO . Hence,

 F(a, b; a+b; x) >Fn,+ (B-e) E - no-Be (10g(l -x)+SnO),9
 n=n0+1

 where
 no (a, n)(b, n) no xn

 nO-E (a + b, n)n! S no Z n

 Dividing by log(l /(1 - x)) and letting x - 1, since E E (0, 1 /B) is arbi-
 trary, we get

 lim infF(,ab)
 X-imm log(1/(1 - x)) - B'

 so that the limit is 1/B. o

 2.4. Proof of Theorem 1.3. (1) The limiting value as x -O 0 follows from
 series expansions, while the one as x 1 follows from Lemma 2.3. Next, let
 g(x) = F(a, b; a+b; x)-1 and h(x) =log(l/(1-x)). Then g(O) = h(O) = 0,
 and by the monotone l'Hopital rule [AVV4, Lemma 2.2] it is enough to show
 that g'(x)/h'(x) is strictly increasing. Now [WW, p. 281]

 9,(x), a ab (1 - x) F(a + 1, b + 1 ; a + b + 1 ; x) g'(x) a +b

 a b {1 ? (a + 1 , n + 1) (b + 1 , n + 1)
 a+b O + E (a+b+ 1, n+ 1)(n+ 1)!

 (a + 1, n)(b+ 1, n) n+I
 (a+b+ 1, n)n! )

 The coefficient of xn+1 here is positive if and only if (a + 1 + n)(b + 1 + n) >
 (a + b + n + 1)(n + 1) , which holds if and only if ab + (a + b)(n + 1) + (n + 1)2 >
 (a+b)(n+ 1)+(n+ 1)2, which is true.
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 (2) The limiting values are clear from (1.6). Next, by series expansion,

 (x)-B=E B( +b, n)(n -1)! n"'

 so that all coefficients are negative by Lemma 2.1(4). 0

 2.5. Proof of Theorem 1.4. For (1), let g(x) = xF(a, b; c; x), c = a + b,
 and h(x) = log(l/(l - x)) . Then g(O) = h(O) =O and

 -=(1 - x) F(a, b; c; x) + abxF(a + 1, b + 1; c + 1; x))
 h'(x) ~ k,C

 (I -x ? (a,n)(b,_n)Xn ab ?? (a+1,n)(b+1), n)Xn+1) ( ) ~~~(c, n) n! + c- E (c + I, n) n!)
 kn=O (,)n=O 0 ? (a, n)(b, n) x n ??2 (a,. n + l )(b, n + 1) Xn+1

 ) nE (c( n) )! + ((c, n+ ()n!

 1 (a, n)(b, n) X2n ??(a, n + )(b, n + 1) (a, n)(b, n)n x)n+

 n='((cx n) n! nO n(C, n2+ (c, n)
 _0 (a, n + 1)(b, n + 1)Xn+2
 E (c, n+ 1) n! 1

 n=o

 Hence

 9'(x) (2ab \ (a, n + 2)(b, n + 2) Xn+2
 h'(x) _ < c , n=O (c, n + 2) (n + 2)!

 ?? (a, n + 2)(b, n + 2)(ab- 1)+2 (a, n + b )(b, n + 1) Xn+2

 n=O (C, no+2) (nH + 1)! n[O (C, n+ 2 n!

 The prowor()issmla,ecetta all coefficients are positive.Thsg()'x)ideran,hnc

 Part (3) follows from ( 1.1) and the series for log(1l/(1l - x)) .
 (4) In the series expansion,

 g(x) -(B-i)=n 1 ((a+b( n n)B- 1n)

 n=O~~~=

 all coefficients are positive by Lemma 2.1(5).
 (5) The proof is similar to (4), except that all coefficients are negative by

 Lemma 2.1(6). The limiting values are clear by (1.6). 0
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 1718 G. D. ANDERSON ET AL.

 2.6. Lemma. For a, b E (0, c), n = 1, 2, 3,...

 (a, k)(b, k) > (a + 1, n)(b + 1, n) (a, n)(b, n)

 k (a+b, k)k! (a+b+ 1, n)n! (a+b, n)n!
 Proof. The first inequality follows by induction, and the second one by the
 factorial property of (a, n) . o

 2.7. Lemma. For a, b E (0, xo) and x E (0, 1) the Maclaurin series of the

 functions

 F(a , b ;a +b ;x) -F(a+ l, b+ l ; a +b+ l ; x)

 and

 F(a + 1, b + 1; a +b + 1; x) -F(a, b; a +b; x)

 have constant term zero and all other coefficients strictly positive. In particular,

 these functions are increasing and convex on (0, 1) and

 F(a, b;a+b;x) <F(a+ 1, b+ 1; a+b+ l;x) < 1 _F(a, b;a+b;x)

 for all x E (0, 1).

 Proof. The results follow immediately from Lemma 2.6. o

 2.8. Proof of Theorem 1.7. The limiting value f(0) = 1 is obvious, while
 f(1-) = 0 follows from Theorem 1.3(1). Next, for each x E (O, 1) we have

 4(1 x+'/4f(x) = bF(a+l , b+l; a+b+l; x)- 1 x F(a , b; a+b; x).
 If 4ab < a + b, then Lemma 2.7 implies that f'(x) < 0. Conversely, if f is
 decreasing, then f'(x) < 0 for all x E (O, 1), and letting x tend to 0 we get
 4ab<a+b. o

 The special case a = b = o of Theorem 1.7 is well known. This special

 case follows, for instance, from the infinite product formulas for x'/lfx and
 (2/ir)v/x' (x) in terms of the Jacobi nome q = exp(-7X'/I) [WW, p. 488,
 Exercise 10] or from [AVY1, Theorem 2.2(3)].

 2.9. Remark. It is easy to show that (Va, n)2 < (a, n)(b, n) <
 ((a + b)/2, n)2 for all positive a, b and all n = 1, 2,..., with equality
 if and only if a = b. Thus

 (2.10) F(Va,Va;c;x)<F(a,b;c;x)<F((a+b)/2,(a+b)/2;c;x)

 for a, b, c > 0, x E [0, 1), with equality if and only if a = b or x = 0.
 Furthermore, for a, c > 0 and for t E (0, a) we see that (a + t, n)(a - t, n)
 is a decreasing function of t on [O, a] for n = 1, 2, ..., so that

 (2.11) F(a+t2, a-t2; c; x) < F(a+ti, a - t1; c; x)

 for x E (O, 1), 0 < tl < t2 < a. The second assertion of Lemma 2.7 also fol-
 lows from the fact that (a, n)(b, n)/(a+b, n), a, b > 0, is a strictly increasing
 function of a.
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 INEQUALITIES FOR ZERO-BALANCED HYPERGEOMETRIC FUNCTIONS 1719

 3. THE GAMMA FUNCTION

 We next study some properties of the functions

 00 ~~~~d
 F(x) = tx-'e-'dt and P(x) = dx logF(x)

 when x is real and positive.

 3.1. Theorem. The function f(x) = x(logx - T(x)) is decreasing and convex
 from (0, oc) onto (I , 1).

 Proof. From [WW, p. 251, ? 12.32, Example] it follows that

 1(x + x tdt
 f(x) = 2 +2X] (t2+X2)(e2Kt- l)t

 Hence,

 c tdt oc + tdt
 f'(x) J;2 (t2 + X2)(e27rt (t2 + X2)2(e2' - 1 )

 -2 00 t(t2 -X2 )dt
 Jo (t2 +x2)2(e2nt -1)

 -2 [X t (t2_X2 ) dt +2 ? t (t2 -X2 dt
 J e27rtX l (t2+X2)2 JX e27' -l (t2+X2)2

 Since t/(e2nt - 1) is decreasing on (0, ox), we get

 f'(x) 2x [00 ( t2 -x2)dt
 f e(x) < 2x 1 (t2 + X2)2

 Substituting t = x tan u, we get

 J0 (t2 + X2)2 = I 2 (sin2 u -cos u) du =0.
 Thus we have shown that f (x) is strictly decreasing, so that f(O+) exists. To
 obtain this limit we observe first that t/(e2nt - 1) < 1/(27r) implies that

 00 tdt1
 lim 2xJo (t2 + x2)(e27rt - 1) -

 Next, fix e E (0, 1/(27r)). Since limt_.O+t/(e2nt - 1) = 1/(2n), there exists
 3 > 0 such that t/(e2X' - 1) > 1/(27r) - e for all t E (0, 3). Thus

 2xj (t2 1) >2x (-- )J dt = 2 ( - e arctan-.
 Now letting first x, then E, tend to zero gives

 lim 2x I' d
 x-*0+ Jx (t2 +x2)(e2nt - 1) -2

 For 0 < a < b < oo denote

 Lb t2 t dt I(a, b) = t2+ X2)(e2nt -
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 1720 G. D. ANDERSON ET AL.

 Then, since t/(e2Kt - 1) < 1/(27r),

 2xI(O, 1) < -arctan-,
 7r x

 while

 if00? t dt 1 [00 te" dt
 I(l,oo)? I 1+x2J e2Kt 1 - +x2JI 2sinh(7rt)

 <2 1 +x) ]e tdt=

 Hence limxoo f(x) =
 To prove the convexity, let J[g] denote the integral of a function g from

 0 to 00. Then, as above, f'(x) = 2J[g(t)h(t, x)], where

 g(t) = t/(e2Kt- 1) and h(t, x) = (t2 -x2)/(t2 + )2.

 Hence,

 f'(x) = 4xJ[g( t)H(t, x)], where H(t, x) = dh(tXx) = x2-3t2

 Since g(t) is decreasing, by splitting the integral on (O, 00) into the sum of
 an integral on (O, x/Xv3) and one on (x/v3 , 0), we get

 f "(x) > 4xg(xvr3) J[H(t, x)].

 Now substituting t = x tan u, we see that J[H(t, x)] = 0. Hence f"(x) > 0
 on (O, 0), so that f is convex on (O, x). o

 3.2. Theorem. (1) The function fi (x) = xlI2-xexl(x) is decreasing and log-
 convex from (O, 00) onto (v'2i, 00).

 (2) The function f2(x) = xl-xexr(x) is increasing and log-concave from
 (O, oo) onto (1, oo).

 Proof. (1) The limiting value at 0 follows from the relation r(x + 1) = xr(x),

 while the one at oo follows from Stirling's formula. Next,

 d
 -xd-logfi(x) = f(x) -

 where f(x) is as in Theorem 3.1, is clearly positive and decreasing.
 (2) The limiting value at 0 follows from the relation F(x + 1) = xF(x), while

 the one at oo follows from Stirling's formula. Next,

 d
 -x y logf2(x) = 1 - f(x) > ,

 where f(x) is as in Theorem. 3.1. Moreover, by the monotone l'Hopital rule
 [AVV4, ?2], it follows that E logf2(x) is decreasing. 0

 3.3. Remark. A result similar to Theorem 3.2 appears in [Lu, p. 17], whereas
 in [Mi, 3.6.55, p. 288] a version of Theorem 3.1 is given. In [G, p. 283] it is
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 shown that xT(x) is convex for x > 0. For some recent results on the gamma
 function see [Al].

 4. REFINEMENTS

 A problem of interest is to obtain upper estimates for the complete elliptic
 integral

 -(xt) = F (I 1; 1- x2)

 in terms of variants of the type

 F (2 -c5 +6; 1; 1 -x3)

 for x E (0, 1) and c5 E (0, !). Observe initially that the inequality

 -(4.1) Ft2 2;1 -x2)< F(2 2;1 -x3)

 for x E (0, 1) follows immediately from the monotoneity of F( E !; 1; x) as
 a function of x. We seek a refinement of (4.1).

 J. Borwein and P. Borwein [BB2, (2.9)] have shown that

 (4.2) F(2' 2; 1; 1-x2) <F(,-c5 2+5; 1; 1 -x3)

 for c5 =6 and for all x E (0, 1). It has been conjectured recently [AVV3, p.
 79] that (4.2) holds for all c5 E (0, O ) and for all x E (0, 1). We next obtain
 a refinement of (4.2), which also proves the statement of Theorem 1.9.

 4.3. Theorem. Let x E (O, 1), c, d E (O, oo), 4c <ird. Then

 (4.4) F(2 2;9 1; l -x < F 60o 2+60; 1; l-1

 (4.5) <1F ( 2 +6; 1; 1-xd)

 (4.6) < F (2 '; 1; 1 - x d

 for all a E (O, 50), where 50 = ((d7r - 4c)/(47rd))'/2.
 Proof. Let f, (x) be defined by

 (log(1 - x)

 It follows from Theorem 1.,3 that, for all x E (0, 1) and 3 E [0, O),

 (4.8) (2 ) 2 )< {6(X) < B(I -a I +6s)X
 where B(a, b) is the Euler beta function. From the reflection formula
 r(a)F( 1 - a) = ir/ sin(a7r) [AS, p. 256], it follows that

 (4.9) (X) 1 <-sin (1 (
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 1722 G. D. ANDERSON ET AL.

 for all x E (0, 1) and ( E [0, 2). From (4.9) with a = 0 it follows that

 F(2 2; 1; l _X9) 1_fo(1 X C)<
 lgl o Xg ) 1 )7r

 Again applying (4.9) with a E (0, 3o) yields

 F(-J ,+(5; 1; -Xd)-1 d [F( -J, i+6; 1; I-xd)d ]
 log( 1 /xC) c log( 1/xd)

 =df( d) d 1 _2

 >d I1 <8 > (1162) 502

 Therefore, for 0 < a < (0 and x E (0, 1),

 F 1;I- xC I+ fo(l - xc1log 1

 < 1 +-log I

 <1 + -fd(l xd) log
 c ~~~Xc

 = F I2-b 6 +6; 1; 1 -x ),

 which establishes (4.4). Inequalities (4.5) and (4.6) are immediate consequences
 of (2.1 i). 0

 4.10. Conjectures. (1) For c = 2, d = 3 the best possible value of ^0 for
 which Theorem 4.3 is valid is o0 = (r - 2arcsin(2/3))/(27r) 0.268 (see
 [AVV3, p. 6]).
 - (2) Theorem 1.4 has a counterpart for the generalized hypergeometric func-

 tion pFq(ai, ..., ap; bi, ..., bq;x) for the case ai > 0, bj > 0, p = q+ 1,
 when the sum is zero-balanced, i.e. when , ai = I bj. See also [B,
 p. 152].

 ACKNOWLEDGMENTS

 The research of the last-named author was supported by the Academy of
 Finland. The authors acknowledge useful conversations with K. Pearce.

 REFERENCES

 [AS] M. Abramowitz and I. A. Stegun, eds., Handbook of mathematical functions with formulas,
 graphs and mathematical tables, Dover, New York, 1965.

 [Al] H. Alzer, Somegamma function inequalities, Math. Comp. 60 (1993), 337-346.
 [AWVI] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen, Functional inequalities for com-

 plete elliptic integrals and their ratios, SIAM J. Math. Anal. 21 (1990), 536-549.

 [AW2] , Functional inequalities for hypergeometric functions and complete elliptic integrals,
 SIAM J. Math. Anal. 23 (1992), 512-524.

 [AW3] , Hypergeometricfunctions and elliptic integrals, Current Topics in Analytic Function
 Theory (H. M. Srivastava and S. Owa, eds.), World Sci. Publ., Singapore and London, 1992,
 pp. 48-85.

This content downloaded from 161.13.163.16 on Mon, 26 Feb 2018 23:58:20 UTC
All use subject to http://about.jstor.org/terms



 INEQUALITIES FOR ZERO-BALANCED HYPERGEOMETRIC FUNCTIONS 1723

 [AW4] , Inequalitiesfor quasiconformal mappings in space, Pacific J. Math. 160 (1993), 1-18.

 [AskI] R. Askey, Ramanujan and hypergeometric and basic hypergeometric series, Ramanujan In-
 ternat. Symposium on Analysis (December 26-28, 1987) (N. K. Thakare, ed.), Pune, India.

 [Ask2] , Handbooks of special functions, A Century of Mathematics in America, Part III (P.
 Duren, ed.), Amer. Math. Soc., Providence, RI, 1989, pp. 369-391.

 [Ba] L. Baker, C Mathematical Function Handbook, McGraw-Hill, New York, 1992.

 [Be] B. C. Berndt, Ramanujan's notebooks, Part II, Springer-Verlag, Berlin, Heidelberg, and New
 York, 1989.

 [BB1] J. M. Borwein and P. B. Borwein, Pi and the AGM, Wiley, New York, 1987.

 [BB2] , Inequalitiesfor compound mean iterations with logarithmic asymptotes, J. Math. Anal.
 Appl. 177 (1993), 572-582.

 [B] W. Buhring, Generalized hypergeometric functions at unit argument, Proc. Amer. Math. Soc.
 114 (1992), 145-153.

 [BF] P. F. Byrd and M. D. Friedman, Handbook of elliptic integrals for engineers and physicists,
 Grundlehren Math. Wiss., vol. 57, Springer-Verlag, Berlin, Gottingen and Heidelberg, 1954.

 [C] B. C. Carlson, Specialfunctions of applied mathematics, Academic Press, New York, 1977.

 [Ev] R. J. Evans, Ramanujan's second notebook: Asymptotic expansions for hypergeometric se-
 ries and related functions, Ramanujan Revisited: Proc. of the Centenary Conference (Univ.
 of Illinois at Urbana-Champaign) (G. E. Andrews, R. A. Askey, B. C. Berndt, R. G. Ra-
 manathan, and R. A. Rankin, eds.), Academic Press, Boston, 1988, pp. 537-560.

 [G] W. Gautschi, Some mean value inequalities for the gamma function, SIAM J. Math. Anal. 5
 (1974), 282-292.

 [LO] D. W. Lozier and F. W. J. Olver, Numerical evaluation of special functions, Proc. Sympos.
 Appl. Math. (to appear).

 [Lu] Yu. L. Luke, Mathematicalfunctions and their approximations, Academic Press, New York,
 1975.

 [Mi] D. S. Mitrinovic, Analytic inequalities, Grundlehren Math. Wiss., Band 165, Springer-Verlag,
 Berlin, Gottingen, and Heidelberg, 1970.

 [M] S. L. Moshier, Methods and programsfor mathematicalfunctions, Ellis Horwood, Chichester,
 1989.

 [PNB] W. F. Perger, M. Nardin, and A. Bhalla, A numerical evaluator for the generalized hyperge-
 ometricfunction, Comput. Phys. Comm. 77 (1993), 249-254.

 [PT] B. A. Popov and G. S. Tesler, Computation offunctions on electronic computers-Handbook,
 Naukova Dumka, Kiev, 1984. (Russian)

 [PBM] A. P. Prudnikov, Yu. A. Brychkov, and 0. Marichev, Integrals and series, Vol. 3: More

 special.functions, transl. from the Russian by G. G. Gould, Gordon and Breach, New York,
 1988.

 [WW] E. T. Whittaker and G. N. Watson, A course of modern analysis, 4th ed., Cambridge Univ.
 Press, London and New York, 1958.

 DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, EAST LANSING, MICHIGAN

 48824
 E-mail address: anderson0math. msu. edu

 DEPARTMENT OF MATHEMATICS, TEXAS TECH UNIVERSITY, LUBBOCK, TEXAS 79409

 E-mail address: narvbQttacsl.ttu.edu

 DEPARTMENT OF MATHEMATICS, SOUTHWESTERN UNIVERSITY, GEORGETOWN, TEXAS 78626

 E-mail address: richardkQralph. txsvk. edu

 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AUCKLAND, AUCKLAND, NEW ZEALAND

 E-mail address: vamanamuamat.auckland.ac.nz

 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HELSINKI, FIN-00I00 HELSINKI, FINLAND
 E-mail address: vuorinenQcsc. f i

This content downloaded from 161.13.163.16 on Mon, 26 Feb 2018 23:58:20 UTC
All use subject to http://about.jstor.org/terms


	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9
	image 10
	image 11

	Issue Table of Contents
	Transactions of the American Mathematical Society, Vol. 347, No. 5, May, 1995
	Front Matter
	Local Subgroups of the Monster and Odd Code Loops [pp.1453-1531]
	Geometrical Evolution of Developed Interfaces [pp.1533-1589]
	Schur's Partition Theorem, Companions, Refinements and Generalizations [pp.1591-1608]
	On the Decomposition of Langlands Subrepresentations for a Group in the Harish-Chandra Class [pp.1609-1648]
	On the Period-Two-Property of the Majority Operator in Infinite Graphs [pp.1649-1667]
	Asymptotically Autonomous Semiflows: Chain Recurrence and Lyapunov Functions [pp.1669-1685]
	þÿ�þ�ÿ���þ���ÿ�������S�������i�������n�������g�������u�������l�������a�������r������� �������L�������i�������m�������i�������t������� �������o�������f������� �������S�������o�������l�������u�������t�������i�������o�������n�������s������� �������o�������f������� �������u������� �������=������� ��������������� �������u������� �������-������� �������A������� �������·������� ���"����������� �������(�������u�������/�������q�������)������� �������a�������s������� �������q������� ���!����������� ���"����������� �������[�������p�������p�������.�������1�������6�������8�������7�������-�������1�������7�������1�������2�������]
	Inequalities for Zero-Balanced Hypergeometric Functions [pp.1713-1723]
	Some Recurrence Formulas for Spherical Polynomials on Tube Domains [pp.1725-1734]
	Spectral and Fredholm Properties of Operators in Elementary Nest Algebras [pp.1735-1741]
	On Closed Minimal Submanifolds in Pinched Riemannian Manifolds [pp.1743-1751]
	On the L Inequalities Involving Trigonometric Polynomials and Their Derivatives [pp.1753-1761]
	Hausdorff Measure and Level Sets of Typical Continuous Mappings in Euclidean Spaces [pp.1763-1777]
	Groupoids Associated with Endomorphisms [pp.1779-1786]
	Holomorphic Martingales and Interpolation Between Hardy Spaces: The Complex Method [pp.1787-1792]
	þÿ�þ�ÿ���þ���ÿ�������H�������y�������p�������e�������r�������s�������u�������r�������f�������a�������c�������e�������s������� �������i�������n������� �������S�������p�������a�������c�������e������� �������F�������o�������r�������m�������s������� �������S�������a�������t�������i�������s�������f�������y�������i�������n�������g������� �������t�������h�������e������� �������C�������o�������n�������d�������i�������t�������i�������o�������n������� ��������������� �������x������� �������=������� �������A�������x������� �������+������� �������B������� �������[�������p�������p�������.�������1�������7�������9�������3�������-�������1�������8�������0�������1�������]
	䕸慭灬敳⁯映䈨䐬 묩ⵒ敦楮慢汥⁡湤⁗敡欠ⵒ敦楮慢汥⁓灡捥猠孰瀮ㄸ〳ⴱ㠰㥝
	A Measure Theoretical Subsequence Characterization of Statistical Convergence [pp.1811-1819]
	Standard Lyndon Bases of Lie Algebras and Enveloping Algebras [pp.1821-1830]
	On the Oscillation of Differential Equations with an Oscillatory Coefficient [pp.1831-1839]
	Tate Cohomology of Periodic K-Theory with Reality is Trivial [pp.1841-1846]
	Uniformly Ergodic Multioperators [pp.1847-1854]
	Statistical Inference Based on the Possibility and Belief Measures [pp.1855-1863]
	Back Matter



