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We study monotonicity, concavity and convexity properties of the function

Gr(α) =
μ(rα)
α

(0 < r < 1; α > 0),

where μ denotes the modulus of the Grötzsch ring. Moreover, we apply our results 
to obtain various sharp functional inequalities.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The modulus of the Grötzsch extremal ring is defined for r ∈ (0, 1) as

μ(r) = π

2
K(

√
1 − r2 )
K(r) ,

where K is the complete elliptic integral of the first kind,

K(r) =
π/2∫

0

dt√
1 − r2 sin2(t)

= π

2

∞∑
n=0

( (2n)!
4n · (n!)2

)
r2n.

The function μ has remarkable applications in the theory of conformal mappings, in physics, and in number 
theory. The main properties of μ as well as interesting historical remarks and a detailed bibliography on this 
subject can be found in the excellent monograph “Conformal Invariants, Inequalities, and Quasiconformal 
Maps” by Anderson, Vamanamurthy and Vuorinen. In [4, Chapter 5] the following functional identities and 
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bounds are presented:

μ(r)μ
(√

1 − r2
)

= π2

4
, μ(r)μ

(1 − r

1 + r

)
= π2

2
, μ(r) = 2μ

( 2
√
r

1 + r

)
,

arth 4
√
r′ < μ(r) < π2

4 arth 4
√
r

(r′ =
√

1 − r2 ).

Moreover, many noteworthy monotonicity, convexity and concavity properties of functions which are defined 
in terms of μ are given in [4]. Applications of these results lead to elegant functional inequalities, like, for 
instance,

μ(x) + μ(y) ≤ μ
( xy

(1 +
√

1 − x2 )(1 +
√

1 − y2 )

)
≤ 2μ(√xy ) (1)

and

√
μ(x)μ(y) ≤ μ(√xy ) (2)

which are valid for x, y ∈ (0, 1). For extensions of (2) we refer to [7] and [9]. See also [8].
It is the aim of this note to continue the study of the Grötzsch ring function. Throughout, we use the 

following notation:

Gr(α) = μ(rα)
α

,

where r ∈ (0, 1) and α > 0.
In Section 3, we offer monotonicity, convexity and concavity properties of this function and in Section 4

we use these results to obtain various functional inequalities. In order to prove our theorems we need some 
lemmas which we collect in Section 2. Finally, in Section 5, we state an open problem.

2. Lemmas

The following derivative formula is given in [3, Theorem 4.1(5)].

Lemma 1. If r ∈ (0, 1), then

μ′(r) = − π2

4r(1 − r2)K(r)2 .

A proof for the next lemma can be found in [4, Theorem 3.30].

Lemma 2. Let

m(r) = 2
π

(1 − r2)K(r)K(
√

1 − r2 ). (3)

(i) The function r �→ m(r) + log r is strictly decreasing and concave from (0, 1) onto (0, log 4).
(ii) The function r �→ −m(r)

log r is strictly increasing from (0, 1) onto (1, ∞).

The last two lemmas provide functional inequalities for certain classes of functions. They are due to 
Petrović [6, p. 22] and Wright [11], respectively.
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Lemma 3. If f : R → R is strictly convex, then for x, y > 0 and x, y < 0,

f(x) + f(y) < f(0) + f(x + y).

Lemma 4. Let I ⊂ R be an interval. If f : I → R is positive, monotone or convex, then, for x, y, z ∈ I,

0 < (x− y)(x− z)f(x) + (y − x)(y − z)f(y) + (z − x)(z − y)f(z),

unless x = y = z.

3. Monotonicity, convexity and concavity

In this section, we study monotonicity, convexity and concavity properties of Gr(α) and 1/Gr(α) as 
functions of α, where r ∈ (0, 1) is a fixed parameter.

Theorem 1. Let r ∈ (0, 1). The function α �→ Gr(α) is strictly decreasing and strictly log-convex from (0, ∞)
onto (− log r, ∞).

Proof. Let r ∈ (0, 1) and α > 0. By differentiation we obtain

α2 d

dα
Gr(α) = μ′(rα)rαα log r − μ(rα) = μ′(t)t log t− μ(t)

with t = rα ∈ (0, 1). Applying Lemma 1 we find

α2 d

dα
Gr(α) = − π2

4(1 − t2)K(t)2 [m(t) + log t], (4)

where m is defined in (3). From Lemma 2(ii) we conclude that the expression on the right-hand side of (4)
is negative. This implies that α �→ Gr(α) is strictly decreasing on (0, ∞).

We have the representations

Gr(α) = π

2 · −1
α log(1 − rα) · K(

√
1 − r2α ) · − log(1 − rα)

K(rα) (5)

and

Gr(α) = π · (− log r) · K(
√

1 − r2α )
− log(r2α) · 1

K(rα) . (6)

Using the limit relations

lim
t→1−

K(t)
− log(1 − t) = 1

2 and lim
t→0+

K(
√

1 − t )
− log t = 1

2 , (7)

see [4, p. 49], we obtain from (5) and (6), respectively,

lim
α→0+

Gr(α) = ∞ and lim
α→∞

Gr(α) = − log r.

Next, we prove that Gr(α) is strictly log-convex with respect to α. We have

d logGr(α) = μ′(rα)
α

rα log r − 1
.

dα μ(r ) α
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We apply Lemma 1 and find

d

dα
logGr(α) = −u(rα) log r (8)

with

u(t) = 1
m(t)

(
1 + m(t)

log t

)
,

where m is given in (3). Lemma 2(i) reveals that the function 1/m is strictly increasing and positive on 
(0, 1). From Lemma 2(ii) we conclude that

t �→ −1 − m(t)
log t

is strictly increasing and positive on (0, 1). It follows that u is strictly decreasing on (0, 1). Let 0 < α < β. 
Then, 0 < rβ < rα < 1 and

−u(rα) log r < −u(rβ) log r. (9)

Applying (8) and (9) we conclude that α �→ (d/dα) logGr(α) is strictly increasing on (0, ∞). This means 
that α �→ Gr(α) is strictly log-convex on (0, ∞). �
Remark. A result presented in [4, Theorem 5.17] states that the function

g(s) = μ(1/s)
log s

is decreasing and convex on (1, ∞). Applying Theorem 1 reveals that g is even strictly log-convex on (1, ∞). 
Indeed, if s > 1, then we have

s2 d2

ds2 log g(s) = s2 d2

ds2 logG1/e(log s)

= d2

dα2 logG1/e(α)
∣∣∣
α=log s

− d

dα
logG1/e(α)

∣∣∣
α=log s

> 0.

Theorem 2. Let r ∈ (0, 1). The function α �→ 1/Gr(α) is strictly concave on (0, ∞).

Proof. Let r ∈ (0, 1) and α > 0. Then,

d

dα

1
Gr(α) = μ(rα) − μ′(rα)αrα log r

μ(rα)2 = μ(t) − μ′(t)t log t
μ(t)2 ,

where t = rα ∈ (0, 1). Let m be the function defined in (3). Applying Lemma 1 yields

d

dα

1
Gr(α) = 1

μ(t)

(
1 + log t

m(t)

)
= v(t), say. (10)

From Lemma 1 we conclude that 1/μ is strictly increasing and positive on (0, 1) and Lemma 2(ii) reveals 
that

t �→ 1 + log t

m(t)
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is strictly increasing and positive on (0, 1). It follows that v is strictly increasing on (0, 1). Therefore, if 
0 < α < β, then

v(rβ) < v(rα).

Using (10) gives that α �→ (d/dα)(1/Gr(α)) is strictly decreasing on (0, ∞). Hence, α �→ 1/Gr(α) is strictly 
concave on (0, ∞). �
4. Inequalities

First, we offer sharp upper and lower bounds for the ratio μ(rα)/μ(rβ) in terms of α and β.

Theorem 3. Let α and β be real numbers with α > β > 0. Then we have for all r ∈ (0, 1):

1 <
μ(rα)
μ(rβ) <

α

β
. (11)

Both bounds are sharp.

Proof. Since μ is strictly decreasing on (0, 1), we conclude from 0 < rα < rβ < 1 that the first inequality in 
(11) is valid. Applying Theorem 1 gives that the second inequality holds.

It remains to show that the bounds 1 and α/β are the best possible. Let

Φα,β(r) = μ(rα)
μ(rβ) .

Using the second limit relation given in (7) we obtain

lim
r→0+

Φα,β(r) = lim
r→0+

[K(rβ)
K(rα) · K(

√
1 − r2α )

K(
√

1 − r2β )

]

= lim
r→0+

K(
√

1 − r2α )
K(

√
1 − r2β )

= lim
r→0+

[K(
√

1 − r2α )
− log(r2α) · − log(r2β)

K(
√

1 − r2β )
· α
β

]
= α

β

and applying the first relation in (7) leads to

lim
r→1−

Φα,β(r) = lim
r→1−

K(rβ)
K(rα) = lim

r→1−

[ K(rβ)
− log(1 − rβ) · − log(1 − rα)

K(rα) · log(1 − rβ)
log(1 − rα)

]

= lim
r→1−

log(1 − rβ)
log(1 − rα) = 1.

Thus, both bounds given in (11) are sharp. �
The following Petrović-type inequality holds.

Theorem 4. Let r ∈ (0, 1/e]. For all real numbers α, β ∈ (0, 1) and α, β > 1 we have

(μ(rα)
α

)1/
√
α(μ(rβ)

β

)1/
√
β

< μ(r)
(μ(rαβ)

αβ

)1/
√
αβ

. (12)

The constant factor μ(r) is sharp.



H. Alzer, K. Richards / J. Math. Anal. Appl. 432 (2015) 134–141 139
Proof. Let t ∈ R and

φr(t) = et/2wr(e−t) with wr(α) = logGr(α).

Then,

φ′′
r (t) = 1

4e
t/2wr(e−t) + e−3t/2w′′

r (e−t).

From Theorem 1 we find

wr(e−t) > log log(1/r) ≥ log log e = 0 and w′′
r (e−t) ≥ 0.

This implies that φr is strictly convex on R. Applying Lemma 3 yields for s, t > 0 and s, t < 0:

φr(s) + φr(t) < φr(0) + φr(s + t). (13)

Setting

s = − logα and t = − log β

we conclude from (13) that (12) is valid.
If we set α = β and let α tend to 1, then we obtain that in (12) the factor μ(r) cannot be replaced by a 

smaller constant. �
The next theorem offers an inequality with four variables. It is related to (12).

Theorem 5. Let r ∈ (0, 1/e]. For all real numbers α, β, γ > 0 we have

1 ≤
(μ(rα)

α

)(α−β)(α−γ)(μ(rβ)
β

)(β−α)(β−γ)(μ(rγ)
γ

)(γ−α)(γ−β)
(14)

with equality if and only if α = β = γ.

Proof. If 0 < r ≤ 1/e, then we obtain from Theorem 1 that the function

α �→ logGr(α)

is positive and strictly decreasing on (0, ∞). Applying Lemma 4 with f = logGr reveals that inequality 
(14) holds with equality if and only if α = β = γ. �

The final two theorems provide counterparts of (1) and (2).

Theorem 6. For all x, y ∈ (0, 1) we have

μ(√xy ) ≤ 1
2

− log(xy)√
log x · log y

√
μ(x)μ(y). (15)

The constant factor 1/2 is sharp. The sign of equality holds in (15) if and only if x = y.
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Proof. Let r ∈ (0, 1). Using Theorem 1 gives that α �→ logGr(α) is strictly convex on (0, ∞). Thus, we 
obtain for α, β > 0:

logGr

(α + β

2

)
≤ 1

2
(
logGr(α) + logGr(β)

)
(16)

with equality if and only if α = β. We set

α = log x
log r and β = log y

log r .

Then,

Gr(α) = log r
log xμ(x), Gr(β) = log r

log yμ(y), Gr

(α + β

2

)
= 2 log r

log(xy)μ(√xy ). (17)

From (16) and (17) we conclude that (15) is valid with equality if and only if x = y. �
Theorem 7. For all x, y ∈ (0, 1) we have

log(xy)
μ(√xy ) ≤ log x

μ(x) + log y
μ(y) . (18)

The sign of equality holds if and only if x = y.

Proof. Let r ∈ (0, 1). Applying Theorem 2 gives for α, β > 0:

1
2

( 1
Gr(α) + 1

Gr(β)

)
≤ 1

Gr

(
α+β

2

) (19)

with equality if and only if α = β. Next, we set

α = log x
log r and β = log y

log r .

Using (17) we conclude from (19) that (18) is valid. Moreover, the sign of equality is valid in (18) if and 
only if x = y. �
5. Open problem

A function f : (0, ∞) → R is called completely monotonic if f has derivatives of all orders and satisfies

(−1)nf (n)(x) ≥ 0 (x > 0; n = 0, 1, 2, . . .). (20)

Completely monotonic functions have remarkable applications in probability theory, numerical analysis, 
and other fields. A collection of the most important facts on completely monotonic functions is given in [10, 
Chapter IV]. In many recently published research papers it has been shown that numerous functions are 
completely monotonic. For example, x �→ Γ(1 + 1/x)x/xa is completely monotonic if and only if a ≥ 0 (as 
are other interesting relatives of Euler’s gamma function). We refer to [1,2] and the references therein.

From (20) we conclude that a completely monotonic function is non-negative, decreasing and convex. 
Moreover, it is known that a completely monotonic function is log-convex; see [5]. Inspired by Theorem 1
we conjecture that for each r ∈ (0, 1) the function α �→ Gr(α) is completely monotonic on (0, ∞).



H. Alzer, K. Richards / J. Math. Anal. Appl. 432 (2015) 134–141 141
References

[1] H. Alzer, C. Berg, Some classes of completely monotonic functions, Ann. Acad. Sci. Fenn. Math. 27 (2002) 445–460.
[2] H. Alzer, C. Berg, Some classes of completely monotonic functions, II, Ramanujan J. 11 (2006) 225–248.
[3] G.D. Anderson, S.L. Qiu, M.K. Vamanamurthy, M. Vuorinen, Generalized elliptic integrals and modular equations, Pacific 

J. Math. 192 (2000) 1–37.
[4] G.D. Anderson, M.K. Vamanamurthy, M. Vuorinen, Conformal Invariants, Inequalities, and Quasiconformal Maps, Wiley, 

New York, 1997.
[5] A.M. Fink, Kolmogorov–Landau inequalities for monotone functions, J. Math. Anal. Appl. 90 (1982) 251–258.
[6] D.S. Mitrinović, Analytic Inequalities, Springer, New York, 1970.
[7] S.-L. Qiu, Y.-F. Qiu, M.-K. Wang, Y.-M. Chu, Hölder mean inequalities for the generalized Grötzsch ring and Hersch–

Pfluger distortion functions, Math. Inequal. Appl. 15 (2012) 237–245.
[8] G. Wang, S. Qiu, X. Zhang, Y. Chu, Approximate convexity and concavity of generalized Grötzsch ring function, Appl. 

Math. J. Chinese Univ. Ser. B 21 (2006) 203–206.
[9] G. Wang, X. Zhang, Y. Chu, A power mean inequality for the Grötzsch ring function, Math. Inequal. Appl. 14 (2011) 

833–837.
[10] D.V. Widder, The Laplace Transform, Princeton Univ. Press, Princeton, NJ, 1941.
[11] E.M. Wright, A generalisation of Schur’s inequality, Math. Gaz. 40 (1956) 217.

http://refhub.elsevier.com/S0022-247X(15)00611-3/bib414231s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib414232s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib41515656s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib41515656s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib415656s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib415656s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib46s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib4Ds1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib51515743s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib51515743s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib57515A43s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib57515A43s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib575A43s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib575A43s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib5769s1
http://refhub.elsevier.com/S0022-247X(15)00611-3/bib57s1

	On the modulus of the Grötzsch ring
	1 Introduction
	2 Lemmas
	3 Monotonicity, convexity and concavity
	4 Inequalities
	5 Open problem
	References


